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Some characterizations of strongly regular graphs. (English summary)
J. Appl. Math. Compu®9 (2009),no. 1-2,373-381.

A strongly regular graph is a graph of diame&2emn vertices that is regular of degreeStrongly
regular graphs are defined by the property that for a pair of vertices distance 1 apart (resp. distal
2 apart) the size of the intersection of their neighbors is constant over all pairs. The size of th
intersection is denoted by (resp.7). For a connected strongly regular graph the spectrum is
denoted by the three eigenvalugs= r, A\, and\3, and their three multiplicitiesn, = 1, ms and
ms.

The nine Krein parameters of a connected strongly regular graph are usually expressed entir
in terms of the spectrum. This paper gives three alternate versions. The first version gives all ni
parameters using just and the three eigenvalues (i.e., no multiplicities are used). The seconc

version expresses eight of the parameters in terms of the single paraxﬁzétEIgether with
the multiplicities (i.e., no eigenvalues). The third version gives all nine parameters using th
multiplicities, the differencé\, — \3 and the difference — 6.

These alternate formulations allow for the classification of several categories of connecte
strongly regular graphs by their order. Specificallypifs a prime congruent t8 mod 4, then
there is no strongly regular graph of orderBut if n is a prime congruent td mod 4, then a
strongly regular graph of orderis a conference graph (which are characterizethby= ms). If a
connected strongly regular graph has otleand degree where2k — 1 is a prime, then the graph
is the complement of identical copies of a complete graph - vertices. Finally, a connected
strongly regular graph of ordex(2k + 1), where2k + 1 is prime, is either a complete bipartite
graph, a cocktail-party graph, or one of two other specific strongly regular graphs wieo#
the forml(l + 2) for an integerl. These characterizations are largely determined by divisibility
conditions derived from the alternate expressions for the Krein parameters.
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Koolen, Jack H. (KR-POST)

Spectral characterization of the Hamming graphs. (English summary)
Linear Algebra Appl429(2008),no. 11-122678-2686.

The Hamming graphH (D, q) has vertices that are vectors of lengthwith entries from an
alphabet of sizey; two vertices are adjacent if the corresponding vectors differ in exactly one
entry. They form a fundamental class of distance-regular graphs of diamet€his paper is
concerned with the characterization of these graphs by their eigenvalues, which is part of the t
broader questions of classifying distance-regular graphs and characterizing general graphs by t
eigenvalues.

There are many interesting technical results in this paper, but the two main results are as follow
First, supposg is large, meaning specifically thay > D* + 2D + 2D? — 5D — 4. Then any
graph that is cospectral witH (D, q) is locally the disjoint union ofD cliques of sizeg — 1.
Second, this first result can be employed to show thatif36 thenH (3, g) is characterized by its
spectrum. There are four graphs cospectral \#il3, 3) and two graphs cospectral wiffi(3, 4),
but for5 < ¢ < 36 there are no known cospectral pairs involvili@3, ¢), so perhaps there is room
for improvement in this bound, or an opportunity to discover new cospectral pairs.

This paper is an excellent example of the powerful interplay of algebraic and graph-theoret
techniques and as noted above contains a variety of interesting results which could prove use
for similar investigations. The authors discuss some possible directions (and possible dead en
for such further investigations.
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Juri Si¢, Aleksandar (SV-LJUBC); Terwilliger, Paul (1-WI)
Pseudo 1-homogeneous distance-regular graphs. (English summary)
J. Algebraic Combin28 (2008),no. 4,509-529.

This paper extends an approach developed in ASidyrd. H. Koolen and P. M. Terwilliger [J.
Algebraic Combin12(2000), no. 2, 163—-19MR1801230 (2002c:0516})The authors’ abstract
provides a concise description:

Summary: “Lefl” be a distance-regular graph with diameter 2 and intersection numbey #

0. Letd be areal number. A pseudo cosine sequencéifoa sequence of real numbeis. . ., oy
suchthat, = 1 andc;o;_1 + a;0; + b;o;41 = 0o, foralli € {0,...,d—1}. Furthermore, a pseudo
primitive idempotent fol is Fy = s ch'l:() o;A;, wheres is any nonzero scalar andj; is theith
distance matrix of’. Let v be the characteristic vector of a vertexc VI'. For an edgery of

I and the characteristic vectar of the set of common neighbours ofandy, we say that the
edgezy is tight with respect t@ wheneverd £ k (k is the valency of") and a nontrivial linear
combination of vector&'z, £y and Ew is contained irbpan{z|z € VT, 0(z,2) =d=9(z,y)}.
When an edge df is tight with respect to two distinct real numbers, a parameterizationdvith

1 parameters of the members of the intersection arraly f given (using the pseudo cosines
o1,...,04, and an auxiliary parametey.

“Let S be the set of all the vertices dfthat are not at distaneéfrom both adjacent vertices
andy. The graph is pseudo 1-homogeneous with respectgovhenever the distance partition
of S corresponding to the distances franandy is equitable in the subgraph induced $nWe
showI is pseudo 1-homogeneous with respect to the edgéand only if the edgery is tight
with respect to two distinct real numbers. Finally, let us fix a vertex I'. Then the graplt’ is
pseudo 1-homogeneous with respect to any edgand the local graph af is connected if and
only if there is the above parameterization with 1 parameters+, ..., 04, € and the local graph
of x is strongly regular with nontrivial eigenvaluess /(1 + o) and(oy — 1) /(0 — 03).”
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3-bounded property in a triangle-free distance-regular graph. (English summary)
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Many properties of a distance-regular graph of diamétam be described by a certain se2éf- 1

of its intersection numbers. For certain classes of graphs, these numbers can be described with
4 parameters. These graphs are then said to have “classical parameters”. This article is concer
with distance-regular graphs having classical parameters where the intersection nuarerts

as satisfya; = 0 andas # 0.
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Let J(x,y) denote the distance between vertieceandv. Then the sequence, y, z is weak-
geodetic ifd(x,y) + 0(y, z) < d(z, z) + 1. A subset of verticedl is weak-geodetically closed if
given any weak-geodetic sequencey, z of the graphe, z € W, it follows thaty € . Finally, a
graph isi-bounded if given vertices, y with 0(x, y) < i, there is a regular subgraph of diameter
d(x,y) containingr andy that is weak-geodetically closed. In [European J. Comb#{1997),
no. 2, 211-229MR1429246 (97m:0526%)he second author used this property to further restrict
the values of the classical parameters for a wide class of distance-regular graphs.

The main result of this paper is that the distance-regular graphs described in the first paragre
are3-bounded. The proof is constructive, in the sense that the required regular weak-geodetica
closed subgraph of diameter 3 is described explicitly.

The authors conclude by remarking that thbounded property seems much harder to prove,
but they believe th8-bounded property to be sufficient for classifying all of the distance-regular
graphs with classical parametetis,= 0 andas # 0.
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Eigenvalues of association schemes of quadratic forms. (English summary)
Discrete Math.308(2008),no0. 14,3023-3047.

Quadratic forms and symmetric bilinear forms over finite fields can be used to construct associati
schemes, as first described in [Y. Egawa, J. Combin. Theory S&8 @985), no. 1, 1-14;
MRO773550 (86f:05018) In this article, the authors continue their work investigating these
structures for a greater range of parameters.

Specifically, recursive formulas are given for the eigenvalue§)e(n, ¢), the association
scheme built from quadratic forms envariables over the finite field;, with evenq. These are
used to give the eigenvalues (as functiong)for Qua(n, ¢), and two related fusion schemes,
whenn = 2, 3, 4.
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Paduchikh, D. V. (RS-AOSUR-A)

The nonexistence of locally/ (10, 5)-graphs. (English summary)
Proc. Steklov Inst. Mat257 (2007),suppl. 1,S155-S163.

The graphJ (10, 5) is a standard quotient of a Johnson graph. To construct the graph, begin with th
Johnson graph/(10, 5), whose vertices are all teelement subsets ofl&-set, with two vertices
adjacent if and only if theip-sets intersect in d-set. The quotient is the derived graph on half
as many vertices where two vertices are identified if their corresponding sets are complements
J(10,5) is known to be strongly regular with parametérg6, 25, 8, 4).

Given a graphH, the graph is said to be a “locallyi7-graph” if for every vertex of G, the
set of vertices adjacent toinduces a subgraph isomorphicit The purpose of this paper is to
prove that there is no graph that is a locallfi0, 5)-graph.

This resultis a part of a broader investigation by the author and his colleagues. Given two vertic
a distance two apart, form the subgraph induced by the intersection of the immediate neighbc
of each vertex. This study asks which graphs result from restrictions on the structure of the:
subgraphs.
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Robinson, David[Robinson, David Guy] (1-WGA)

Every (2, r)-regular graph is regular. (English summary)

Util. Math. 73 (2007), 169-172.

A graphis(t, r)-regular if for every se$ of ¢ vertices, the cardinality of the union of the neighbors
of the vertices inS equalsr [T. W. Haynes and L. R. Markus, Util. Mat9 (2001), 155-165;
MR1832609 (2001m:0514]L)As the title indicates, this paper classifies tBer)-regular graphs.
So in these graphs, every pair of distinct vertices has a total refighbors, where we count
common neighbors just once.

The main result of this paper is that(3, r)-regular graph is a member of the well-known
class of strongly regular graphs. In particular the graph will be regular, angithe number of
vertices, then the degreej$2n — 1 — \/4(n — 1)(n —r) + 1). So as a corollary, if there exists a
(2, r)-regular graph om vertices, then the quantityn — 1)(n — r) + 1 must be a perfect square.

Techniques employed include the construction of a pairwise balanced design derived from
(2,7)-regular graph and a theorem of H. J. Ryser aliout) matrices with constant row and
column sums.
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MR2186704 (2006j:05091)05C25 (20B25)

Feng, Yan-Quan(PRC-BJTU) Xu, Ming-Yao (PRC-BJ)

Automorphism groups of tetravalent Cayley graphs on regularp-groups. (English
summary)

Discrete Math.305(2005),no. 1-3,354-360.

A Cayley graphl’ is constructed with a grou@ as its vertex set, and directed edges are built
from the elements of a subsé&tof G. The resulting graph is always vertex-transitive, since an
element ofG can multiply each vertex on the right to create an automorphism of the graph. The
collection of all such automorphisms is the right regular representatidn), a subgroup of the
fullautomorphism grouprut(I"). Another subgroup of automorphismglois Aut(G, S) = {a €
Aut(G) | S* = S}. The Cayley graph' is said to be normal off' if the right regular representation
R(G) is a normal subgroup of the automorphism graup (T").

The normality of Cayley graphs has been consider by many, including the authors of this pap
and others such as Alspach, Fang, KlirgsEhel, Li, Praeger, and Wang. As an indicator of
the difficulty of this problem, consider that two Cayley graphs can be isomorphic while beinc
constructed from non-isomorphic groups, and hence one can be normal, and the other not. 1
paper under review contains a short, comprehensive survey of known results in this area.

This paper shows that j # 2, 5, then all connected tetravalent Cayley graphs on regular
groups are normal. This is accomplished by employing the classification of the finite simpli
groups to show that the automorphism groud'ak a semi-direct productAut(I') = R(G) x
Aut(G, S). This paper is a pleasant mix of detailed and intertwined arguments from both grap
theory and group theory.

Reviewed byRobert Beezer
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Leifman, YefimI. (IL-BILN-CS); Muzychuk, Mikhail E.

Strongly regular Cayley graphs over the groupZ,. ® Z,». (English summary)
Discrete Math.305(2005),no. 1-3,219-239.

A strongly regular graph is a distance-regular graph of diameter 2. More precigelys a\, u)-
strongly regular graph is a regular graph of degkteen v vertices such that (1) each adjacent
pair of vertices has exactly common neighbors, and (2) each pair of non-adjacent vertices has
exactlyu common neighbors. A Cayley graph arises from a construction that obtains vertices fror
elements of a group, while edges are derived from elements of a generating set for the group. T
resulting graph is always vertex-transitive.

This paper classifies all of the strongly regular Cayley graphs formed from the gfpup
Z,,, Wherep is an odd prime. A principal tool used in this paper is the theonfaings. In
particular, the existence of a strongly regular Cayley graph formed from a g¥dbpn implies
the existence of a-ring overG. Various theorems about the existenceSefings then bolster
the argument that the first “interesting” family of groups for which to consider the possibility
of strongly regular Cayley graphs is indegg @ Z, . The nontrivial graphs resulting from the
classification are of Latin square type, with elgenvallde§— andp” + —. A corollary yields
a complete classification of the strongly regular Cayley graphs W|th Paley parameters over
abelian group of rank 2.

These results extend previous results of K. H. Leung and S. L. Ma [Bull. London Math2%oc.
(1995), no. 6, 553-564YIR1348709 (969:050255. L. Ma, Ars Combin27 (1989), 211-220;
MR0989440 (90a:0503byvhile relying heavily on techniques and results of W. G. Bridges and
R. A. Mena [Ars Combin8 (1979), 143-161MR0557072 (81b:05022). Combin. Theory Ser.

A 32(1982), no. 2, 264-28W0R0654627 (83g:0503F)
Reviewed byRobert Beezer
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The number of spanning trees of plane graphs with reflective symmetry. (English summary)
J. Combin. Theory Ser. A12(2005),n0. 1,105-116.

Suppose a planar graph is drawn on the plane without crossings and there exists a line such 1
the embedding of the graph is invariant after a reflection about the line. This article studies su
graphs when every edge of the graph is either disjoint from the line of symmetry, or lies entirel
on the line of symmetry. In this case, the authors show that the number of spanning trees of t
symmetric graph may be expressed as a product of the number of spanning trees of two differe
graphs derived from the two (isomorphic) “halves” of the original graph, along with an additional
factor that is a power of 2.
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Two proofs are given. The first is algebraic and involves adjacency matrices and dual grapf
while the second is combinatorial. Because of a well-known relationship between the numb
of spanning trees in a grafgh and the number of perfect matchings of a certain graph derived
from GG, the combinatorial proof builds on the first author’s earlier results on perfect matchings i
graphs with reflective symmetry [M. Ciucu, J. Combin. Theory Ser.7A1997), no. 1, 67-97,
MR1426739 (98a:0511R)(The reader should be aware that several citations in the paper lead t
the wrong entry in the references.)
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Terwilliger, Paul (1-WI)

Two linear transformations each tridiagonal with respect to an eigenbasis of the other;
comments on the parameter array. (English summary)

Des. Codes Cryptog84 (2005),no. 2-3,307~-332.

This technical article continues the author’s study of Leonard pairs and Leonard systems.
Leonard system is a sequence of matrices chosen from the algebra generated by a single me
such that the sequence satisfies a list of conditions, which mainly involve eigenvalues and pro
ucts that must result in tridiagonal matrices. These sequences are motivated by D. A. Leonar:
original paper on pairs of matrices [SIAM J. Math. An&B (1982), no. 4, 656—663IR0661597
(83m:42014), distance-regular graphs, association schemes and orthogonal polynomials. An il
troduction to the topic can be found in [P. M. Terwilliger, J. Comput. Appl. Ma88 (2003),

no. 1-2, 463-479yIR1985715 (2004h:0513J’)

The set of isomorphism classes of Leonard systems corresponds (via a bijection) to the set
all parameter arrays, where a parameter array is a sequence of scalars satisfying five arithm
conditions. This article gives two characterizations of Leonard systems by employing this bijectior
One characterization relates to bidiagonal matrices, while the other relates to polynomials. The
in Section 5, every possible parameter array is listed in the course of presenting thirteen families
parameter arrays. That every possible array is described is the substance of Theorem 5.16. Tt
families are organized by reference to classes of corresponding polynomials.
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Some interlacing results for the eigenvalues of distance-regular graphs. (English summary)
Des. Codes Cryptog84 (2005),no. 2-3,173-186.

Given an integek > 3, E. Bannai and T. Ito conjectured that there are only finitely many distance-
regular graphs with valency [in The Arcata Conference on Representations of Finite Groups
(Arcata, Calif., 1986)343—-349, Proc. Sympos. Pure Math., 47, Part 2, Amer. Math. Soc., Provi-
dence, RI, 1987MR0933424. For a distance-regular graph with intersection numlagrs;, ¢;,

0 <i<d,defineh(G) = |{i| (¢, a;,b;) = (1,a1,b1)}|. Then this conjecture is equivalent to the
statement thai(G) is bounded above by a function of the valency:0fThis statement would ap-
pear to be true, since there is no known distance-regular graph (of valency 3 or more) for whic
h(G) has a value greater than 5.

The end of this paper contains an improvement of an earlier result of J. H. Koolen and V. L
Moulton [J. Algebraic Combinl19 (2004), no. 2, 205-21MR2058285 (2005¢:0519B)This
new result says that @ is a triangle-free distance-regular graph with large valency and a “large”
nontrivial eigenvalue, theh(G) can be bounded above by a constant, independent of the valency
This is the motivation for the main results of this paper, which give rather restrictive consequenc
when a distance-regular graph has a large nontrivial eigenvalue.

Suppose a distance-regular graph of valenbgs all but its largest eigenvalue bounded in abso-
lute value by a numbet, with 0 < x < k/3. This is the notion of a “large” nontrivial eigenvalue
mentioned above. In this case, the authors prove a restrictive condition on the intersection nu
bersa;, namelyo # {i | a; > 5%} C {i | a; > k} C {j,j + 1} for somej. For the case of a
bipartite distance-regular graph, entirely similar hypotheses yield an identical conclusion abo
the differences;. — ¢; (rather than the values of).
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Brouwer, Andries E. (NL-EIND) ; Haemers, Willem H. (NL-TILB-EOR)
Eigenvalues and perfect matchings. (English summary)

Linear Algebra Appl395(2005), 155162.

This article describes sufficient conditions, in terms of the eigenvalues of the adjacency ar
Laplacian matrices, for a graph to have a perfect matching. These results build upon, and expa
results due to Frobenius,dfig, Hall, and Tutte. For example, suppose that a bipartite graph has
n vertices and the eigenvalues of the adjacency matrixare A\, > --- > \,. Then a result of

G. Frobenius [Sitzungsber. K. Preuss. Akad. Wissen. Berlin (1917), 274-277; JFM 46.0144.0
can be used to formulate a result that says that\if = """ | \?, then the graph has a perfect
matching.

Results progress from arbitrary graphs, through regular graphs and then distance-regular gray
First, suppose that a graph has an even number of verticem)d the Laplacian matrix has
eigenvalue® = g < po < -+ < py. If py, < 2u9, then the graph has a perfect matching.

Suppose that a graph is regular of degreeis even, and\s <r — 1+ r—|—i1 (for r even) or\g <
r—1+ % (for » odd), then the graph has a perfect matching. In terms of the Laplacian matrix
this result provides the following corollary. Suppose that a graph is regular with an even numb
of vertices andi; > 1, then the graph has a perfect matching.

The authors comment that they do not know of any distance-regular graph that does not satis
the condition for regular graphs. However, rather than taking this approach, they prove that eve
distance-regular graph of degrees r-edge-connected. It then follows by results in [G. Char-
trand, D. L. Goldsmith and S. Schuster, Collog. Math.(1979), no. 2, 339-3441R0591941
(82a:05070)that every distance-regular graph on an even number of vertices has a perfect matc
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An inequality for regular near polygons. (English summary)
European J. Combir26 (2005),no. 2,227-235.

Near polygons are a class of distance-regular graphs. Suppose a near polygon is regular bf degr
with diameterd > 3 and has intersection numbers> 0 andc, > 1. Let#, be the second-largest
eigenvalue of the graph; this article shows that< %= ‘“ . Furthermore, the case of equality

is characterized by the following three equivalent statements () the bouAdisran equality,

(ii) the graph isQ-polynomial with respect t@,, and (iii) the graph is a dual polar graph or a
Hamming graph.
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Baskoro, Edy Tri (IN-BIT) ; Miller, Mirka (5-BAL-ITM) ; Siran, Jozef(SK-STU);

Sutton, Martin (5-NEWC-DCI)

Complete characterization of almost Moore digraphs of degree three. (English summary)
J. Graph Theoryt8 (2005),n0. 2,112-126.

A regular graph of degreeand diameted may not have more thaEfZO ' vertices. This bound

is known as the Moore bound, and graphs which meet it are known as Moore graphs. In the ce
of undirected graphs, these graphs are almost entirely known, the only case in question is t
existence of graphs of degrge and diamete? on 3250 vertices.

For a directed graph, the degree condition is replaced by a common out-degteEheh the
Moore bound is met only in the trivial cases whes: 1 or d = 1. However, there are interesting
digraphs whose vertex count is just one shy of the Moore bound. These digraphs are called “alm:
Moore” and an infinite class of examples are the line graphs of complete digraphs.

As the title implies, this article is concerned with almost Moore digraphs for the casemwhen
3; a classification for the cagse= 2 was previously given by [E. T. Baskoro et al., Australas. J.
Combin.9(1994), 291-306yIR1271209 (95e:05049M. Miller and I. FriS, inGraphs, matrices,
and designs269-278, Dekker, New York, 19981R1209196 (94a:0511D)The authors’ conclu-
sion is that there are no almost Moore digraphs with 3 andd > 3. Two techniques are used
frequently in this paper. The first is the repeat automorphism. Given a veffiex its three neigh-
borsv, vy andws. For eachy;, draw the set of vertices corresponding to the trees of dépth
1 beloww;. For a Moore digraph these three sets would be disjoint, but for an almost Moore di
graph withr = 3, a single vertex will appear in two of the three sets. This unique vertex is the
repeat ofv, r(v), and it happens that the map- r(v) is an automorphism of the graph, known as
the repeat automorphism. This automorphism is then used in the second technique, which the
thors call a “Principle of Duality”. This principle allows a theorem about a digr@ghb translate
to a theorem about the new digraph formed by reversing all the edgesprbvided the original
theorem is stated in terms of arcs, neighborhoods, distances and the repeat automorphism.

This well-written paper concludes with the two obvious directions for further work: classify
almost Moore digraphs with degrees greater than three, and study almost almost Moore digray
(those whose vertex count misses the Moore bound by two).
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Strongly regular vertices and partially strongly regular graphs. (English summary)
Ars Combin72(2004), 9#110.

To be “strongly regular” is a global property of a graph. A regular graph is strongly regular if, for
each pair of distinct vertices andy, the number of neighbors common to batlandy depends
only on whether or nat andy are adjacent, and not on the particular choice ahdy themselves.

It is easy to convert this definition into a local property of a vertex. Given a vert@xamine
every other vertey. Shouldy be adjacent ta, count the number of vertices that are neighbors of
bothx andy, \(z,y). If y is not adjacent ta;, count the number of vertices that are neighbors of
bothz andy, u(x,y). If the values of\(z, y) andu(z, y) are constant over all verticgsthen the
author defines as a “strongly regular” vertex. Not surprisingly, connecting these two ideas it is
shown that a regular graph where every vertex is strongly regular will be a strongly regular grap

This article picks off the low-hanging fruit related to this new definition in an entertaining and
easily readable style, and also presents a few surprising results. Here is a sampling.

Suppose that is a strongly regular vertex of a regular graph of dedgrea v vertices, where\
andy are the sizes of the sets of common neighbors relative Thenk(k — A —1) = (v —k —

1)u. (This is a familiar equation from the study of strongly regular graphs.)

Suppose that a regular graphwowvertices has — 3 or more strongly regular vertices, all with the
same parameters,andu. Then the graph is strongly regular. So while the proof is quite detailed,
the author describes the result as “weak” since3 is so close ta. However, an extensive set
of constructions in Section 3 provides arbitrarily large graphs withd strongly regular vertices
where the graph is not strongly regular.

It is known that a nontrivial regular graph is strongly regular if and only if it has at most three
distinct eigenvalues. This paper shows that a connected graph with some, but not all, of its vertic
strongly regular has at least five distinct eigenvalues.

The paper finishes with five conjectures and a table of the graphs on 10 or fewer vertices tr
have some strongly regular vertices, but that are not strongly regular graphs. The 31 graphs lis
are described by the constructions of Section 3, or are simple combinations (unions, complemer
of complete graphs, circuits or complete bipartite graphs.
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Hoory, Shlomo (IL-HEBR-IC); Linial, Nathan (IL-HEBR-IC)
Colorings of thed-regular infinite tree. (English summary)
J. Combin. Theory Ser. 81 (2004),n0. 2,161-167.

This interesting article begins with a reminder about Moore’s bound, the minimum number o
vertices in a graph that is regular of degrewith girth r, denotedn(d, g). It concludes with a
discussion of error-correction codes, both perfect codes and linear codes. The principal device t
connects these topics is theegular infinite tree7 ;.

If G is afinite graph om vertices, regular of degrekwith girth g, then if we view the graph as
a one-dimensional complex, there is a cover map’l; — V G. This function can be viewed as
a coloring ofT}; where each vertex df; is colored with the vertex off that is its image undep.
This coloring has the property that if two different verticesIpfhave the same color, then they
are at least a distangeapart in7}.

So in the search for graphs meeting the Moore bound, we can first ask about colofihgatbf
n colors where similarly colored vertices are at least a distagart. The first (negative) resultis
that for anyd andg there is a coloring of ; with n = ny(d, g) colors. Moore graphs are relatively
rare, so most of the colorings described by this result do not arise from cover maps of graphs. T
authors denote a coloring that does arise from a graph as being “graphic” and give a necess
and sufficient condition for a coloring df; to be graphic. They then describe a coloringlof
which comes close to being graphic, given that it is numerically close to meeting the terms of tr
equivalent condition. Here we want to keep similarly colored vertices far apart (at least distanc
g) but use as few colors as possible.

This last sentence should sound similar to the basic tension of designing an error-correctil
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code. Ensure that codewords (binary strings, the vertices of hypercubes) are very different (1
apart in the corresponding graph) yet are also short strings (keep the underlying graph small). T
vertices of7; that are the preimage of a single vertextoill form a distanceg code inT; and
the negative result above can be reinterpreted as positive: it says that there are Ggdfes emy
g, that are analogous to perfect codes for finite graphs. The article finishes with the statements

two theorems about subgroups of free groups and “linear” codgs in
Reviewed byRobert Beezer

References

1. N. Alon, S. Hoory, N. Linial, The Moore bound for irregular graphs, Graphs Combin. 18 (1)
(2002) 53-57MR1892433 (2003b:05084)

2. N. Biggs, Algebraic Graph Theory, 2nd Edition, Cambridge University Press, Cambridge
1993.MR1271140 (95h:05105)

3. N. Biggs, Constructions for cubic graphs with large girth, Electron. J. Combin. 5 (1) (1998) 2*
Article 1 (electronic)MR1661181 (99):05097)

4. R. Diestel, Graph Theory, 2nd Edition, Springer, New York, 200R1743598

5. A. Lubotzky, R. Phillips, P. Sarnak, Ramanujan graphs, Combinatorica 8 (3) (1988) 261-27
MR0963118 (89m:05099)

6. J.H. van Lint, Introduction to Coding Theory, 3rd Edition, Springer, Berlin, 18891664228
(2000a:94001)

Note: This list reflects references listed in the original paper as accurately as possible with no
attempt to correct errors.

(© Copyright American Mathematical Society 2005, 2009

AMERICAM MATHEMATICAL SOCIETY o
Citations

M a t h SCi N et Mathemalical Reviews on the Web From References: 1

Article From Reviews: 0

MR1975940 (2004f:05194)05E30(05C75)

Hiraki, Akira (J-OSAKK3-DM)

A distance-regular graph with bipartite geodetically closed subgraphs. (English summary)
European J. Combir24 (2003),n0. 4,349-363.

For verticesu andv a distance apart in a finite graplds, let A;(u,v) be the set of vertices at
distancel from v and distancé from v. If the cardinality of this set is independent of the choice
of the particulan andv, then this common value is denoted A portion of the defining property

of a distance-regular graph is thatis defined for all sensible values afThis paper is about
distance-regular graphs where the initial values ofdhare zero. In this case, if there is one
instance of a particular subgraph construction that is bipartite and geodetically closed, then
similar such constructions have the same property. Loosely speaking, a subgraph is geodetic:
closed if every shortest path in the original graph that connects two vertices from the subgraj
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only passes through vertices of the subgraph. In other words, all shortest paths possible throt
the original graph stay within the subgraph.

Specifically, the main result of this paper applies to distance-regular graphs of diaimeater
an integert such thak <t <d —1 anda; = 0 wheneverl <i <t — 1. For any pair of vertices
x andy, definell(x, y) to be the subgraph induced by the set of vertices lying on shortest path:
betweenr andy. Suppose there is a particular pair of vertieceandv a distance or less apart
such thafll(u, v) is a bipartite geodetically closed subgraph. Then for any pair of verticesl
y a distance or less apart the subgrapgh(x, y) will be a bipartite geodetically closed graph.
MoreoverIl(z, y) is either a path, an ordinary polygon, a hypercube or a projective incidence
graph.

A second result provides two classifications of distance-regular graphs of diainetémith
aq—1 = 0 wherell(z, y) is a bipartite geodetically closed subgraph for any pair of verticasd
y. One of these classifications lists explicit possibilities for the graph as an ordinary polygon,
d-cube, folded(d + 1)-cube, the odd grap®,., or doubled odd grapBO%. In the course of
proving these results, several related results of Koolen about Wkery) is a distance-regular
graph are modified and reproved [see J. H. Koolen, J. Algebraic Cofn{dif92), no. 4, 353—-362;
MR1203682 (93k:05149)
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He, Li [He, Li3] (1-MIT); Liu, Xiangwei (1-MIT); Strang, Gilbert (1-MIT)
Trees with Cantor eigenvalue distribution. (English summary)

Stud. Appl. Math110(2003),no. 2,123-138.

Construct a sequence of treds, recursively as follows. Fix a degrde> 2. T7 has a central
vertex of degreé that is adjacent té additional vertices, each of degree 1. For each vertext
degree 1 irl;, addk — 1 new vertices and edges joining these new verticas fthis will form
the next tree in the sequendg,, ;. The graphZ; will have k(k — 1)"~! “boundary” vertices of

degree 1, and +k +k(k — 1)+ k(k— 1)+ + k(k—1)"?2 = W “interior” vertices
of degreek. Notice thatl, is a subgraph of the infinite homogeneous tree of defree

By exploiting the recursive structure of the adjacency matrix of these trees, the authors are al
to precisely determine the majority of the eigenvalues and their multiplicities via the characteristi
polynomial, in addition to analyzing the structure of the eigenvectors. With the exceptich bf
eigenvalues (a fraction that goes to zero for larjeesach eigenvalue is shown to be of the form

A=2Vk 1cos(m”)1<m<n<r

Subsequently, facts about the Euler totient function allow the multiplicities of these eigenvalue
to be computed. For example = 0 occurs with multiplicityk(k — 2)[(k — 1)" 2+ (k — 1) +
(k—1)""%4...], which in the case of = 3 asymptotically approach%sof all the eigenvalues.
The elgenvalues = 2Vk —1cos (%) and\ = 2v/k — 1 cos (&) each appear with a multiplicity
that asymptotically approachesof all the eigenvalues in the cage= 3. The symmetry of the
eigenvalues about the origin (because the trees are bipartite) and the pattern of the multipliciti
explain the use of the word “Cantor” in the article’s title.

Some progress is made in describing the associated eigenvectors, with more success for
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eigenvectors associated with the zero eigenvalue. The article concludes with a brief discussi
of the effect on the spectrum as the result of three variants formed by adding new edges to t
boundary vertices df,. In the first case, the boundary vertices with a common neighbor are all
joined to each other to form a complete subgraph of degreé, in the second casekaregular
graph is formed by making copies of7;. and identifying corresponding boundary vertices, and
in the final case all of the boundary vertices are joined together in a big circuit forming an “oute
loop”.
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Line graphs with exactly two positive eigenvalues. (English summary)
Publ. Inst. Math. (Beograd) (N.S/2(86)(2002), 3947.

An old problem in algebraic graph theory is that of determining those graphs with just a fev
positive eigenvalues. So suppose that> Ay > \3 > )\, are the four largest eigenvalues of the
adjacency matrix of a simple graph (for convenience, assume the graph has at least four vertice
The eigenvalues of any graph sum to zerose-= 0 for only the null graph; for all other graphs,

A1 > 0. J. H. Smith [inCombinatorial Structures and their Applications (Proc. Calgary Internat.
Conf., Calgary, Alta., 1969403—-406, Gordon and Breach, New York, 19FR0266799 (42
#1702] determined all those graphs for which > 0 and A\, < 0. Graphs withA; < 0 have
been characterized, as well as the minimal graphs with hoth 0 and )\, < 0 (see below for a
definition of minimal in this context). This paper is concerned with the question of graphs witt
both s > 0 and \3 < 0, i.e. those having exactly two positive eigenvalues. These graphs are
known in the case of connected bipartite graphs [M. Pettd@ontribution to the spectral theory

of graphs” (Serbian), Ph.D. thesis, Univ. Beograd, Belgrade, 1984; per bibl.]; here the authc
considers the case of connected line graphs.

The author details a collection of graplis, containing a specific graph on seven vertices, a
specific graph on nine vertices, an infinite family indexed by one integer parameter and an infini
family indexed by three integer parameters. The primary result of this paper is that a connect
line graph has exactly two positive eigenvalues if and only if it is an induced subgraparaf it
contains the path on four vertices or the triangle with a pendant edge as an induced subgraph.

SupposeP is some property of a graph. Theénis called hereditary if whenever a graph has
property P, then every induced subgraph of the graph also has properygraph H is said to
be forbidden for property’ if whenever a grapldi- hasH as an induced subgraph, thénhdoes
not have propertyP. Finally, a forbidden graph is called minimal fét if whenever a vertex is
removed, the resulting subgraph has propétty

The second major result of this paper determines explicitly the line graphs that are minimal fc
the hereditary propertys > 0. Twelve of these thirteen graphs have six vertices, the exception
being the five-cycle.
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