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The transfer homomorphism from a group G to an abelian subgroup H of
finite index in G arises from the natural action of G on the cosets of H. It
plays an important role in the study of unsolvable groups and aids in the char-
acterization of groups in which all Sylow p-subgroups are cyclic. In this paper,
we will define the transfer homomorphism, and then investigate a few of its
properties.

Let G be a group with an abelian subgroup H of finite index, [G : H] = n.
G acts naturally on the right cosets of H (we will assume all of our cosets are
right cosets). Consider a coset Hx and g ∈ G, where Hx 7→ Hxg under the
action of G. Define a transversal for H in G to be a set of coset representa-
tives. Let T = {t1, t2 . . . tn} be a right transversal for H in G, with index set
J = {1, 2, . . . n}. Then G is equal to ∪j∈JHtj and acts on J .1

We are interested in a homomorphism defined by the action on the cosets
when H is not normal in G. However, we cannot use the canonical homomor-
phism and mod by H. To solve this problem, observe that for g ∈ G, we can

1We are quite familiar with this action when H is normal in G. Supposing this case, let
S be the subgroup of Sn containing permutations of J induced by the action of G. Then
S is isomorphic to G/H. To see that this is so, let ϕ : G/H → S be defined by Hti 7→ si,
where si is the permutation of J induced by the action of ti ∈ G. Clearly, ϕ is injective. To
see that is surjective, consider s ∈ S. Then there exists g ∈ G such that, under the action
of right multiplication by g, tgj = tk whenever s(j) = k. Note that there is some ti ∈ T such
that g ∈ Hti. Observe, for tj ∈ T

Htgj = Htjg

since g ∈ Hti, there is h ∈ H such that

= Htjhtig

and since H / G, there exists ĥ ∈ H such that

= Hĥtjti = Htjti = Httij .

Thus the action of s on J is induced by ti ∈ T , so ϕ(ti) = s and ϕ is surjective. To see
that ϕ is an isomorphism, let Hti, Htj ∈ G/H where HtiHtj = Htk. Let tm ∈ T . Then(

Httim
)tj

= Htmtitj = Htmtk = Htt
k

m

so where si, the permutation of J induced by ti, and sj is the permutation induced by tj ,
sisj = sk. It is now straightforward to see

ϕ(HtiHtj) = ϕ(Htitj) = ϕ(Htk) = sk = sisj = ϕ(Hti)ϕ(Htj)

and ϕ is an isomorphism.
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define the action of G on J , and our cosets, in the following natural way.

(Htj)
g = Htjg = H(tjg)

Moreover, under this action for all j ∈ J there exists a unique hj,g ∈ H
such that

tjg = hj,gtjg.

Define the transfer homomorphism τ : G→ H,

τ(g) =
∏
j∈J

hj,g.

Note that this product is well-defined as H is abelian. This somewhat unusual
definition in fact gives rise to a homomorphism from G to H.

Proposition 1. The transfer τG→H is a homomorphism from G to H.

Proof. Observe that for a, b ∈ G, tj ∈ T ,

tjab = hja,b(tja)b

= hja,b(hj,atja)b

= hja,bhj,atj(ab).

Then, we see

τ(ab) =
∏
j∈J

hja,bhj,a

=
∏
j∈J

hj,a
∏
j∈J

hja,b

so, recalling that a induces a permutation on J ,

=
∏
j∈J

hj,a
∏
j∈J

hj,b

= τ(a)τ(b).

While it may seem initially implausible that the transfer is indeed a homo-
morphism, there is another property which we require for τ to be well-defined.

Proposition 2. The transfer τG→H is independent of the choice of transversal.

Proof. Let S and T be transversals for H in G, each indexed by J . Recall
our original definition tjg = hj,gtjg. We shall label this action sjg = h∗j,gsjg for
h∗ ∈ H. Because T and S are transversals for the same subgroup of G, and
therefore the same set of cosets, we can use the same index from J to index
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each. If Hti = Hsi, then for h ∈ H, there exists ĥ ∈ H such that hti = ĥsi.
Therefore, ĥ−1hti = si. Thus we have shown that for each ti ∈ T , there exists
γj ∈ H such that γjtj = sj. Recalling our initial equality, tjg = hj,gtjg, we
proceed. Let a ∈ G.

γja(hj,atja) = γjatja

= saj

= h∗j,asja

= h∗j,aγjtja

This implies h∗j,a = γjahj,aγ
−1
j . Evaluating the transfer, τ ∗, with respect to our

transversal, S, we obtain

τ ∗(a) =
∏
j∈J

h∗j,a

=
∏
j∈J

γjahj,aγ
−1
j .

Therefore, once again as a is a permutation of J and γi is in our abelian
subgroup H,

=
∏
j∈J

hj,a

= τ(a).

Which holds for all a ∈ G. Thus τ = τ ∗, and the transfer homomorphism is
independent of the transversal with which it is evaluated.

In addition, the transfer homomorphism is transitive across nested sub-
groups.

Proposition 3. Let G be a group, B an abelian subgroup of G with finite index
and A a subgroup of B again with finite index (where A ≤ B is necessarily
abelian). Then τG→A = τB→A ◦ τG→B.

Proof. Let |G : B| = n and {x1, x2, . . . xn} be a transversal for B in G
indexed by J = {1, 2 . . . n}. Let |B : A| = m and let {y1, y2, . . . ym} ⊆ B be
a transversal for A in B indexed by L = {1, 2 . . .m}. Then as G = ∪n

j=1Bxi
and B = ∪ml=1Ayl,

G =
⋃
j∈J

(⋃
l∈L

Ayl

)
xj.

That is {ylxj|l ∈ L, j ∈ J } is a transversal for A in G if each coset Aylxj is
distinct. To see this is the case, suppose Ayx = Aŷx̂. Then xx̂−1 ∈ Aŷ ⊆ B,
and Bx = Bx̂. Since there is one representative per coset in our transversal,
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x = x̂, hence we see also y = ŷ. Thus each coset is distinct and we have a
transversal for A in G. For g ∈ G, recall

xjg = bjgxjg

= ajlgylxjg.

Note that for a particular ajlg which is dependent upon j, l and g, there exists
yl such that bjg = ajglyl.

τG→A(g) =
∏
j∈J

(∏
l∈L

ajlg

)

which, by the definition of the transfer τB→A

=
∏
j∈J

τB→A(bjg)

as the transfer is a homomorphism,

= τB→A

(∏
j∈J

bjg

)
= τB→A ◦ τG→B

again by the definition of the transfer.

With some basic properties of the transfer in hand, we approach it on a
computational level. With a clever choice of transversal, τG7→H will not be as
difficult to compute as it may first appear. Consider the action of G on its
right cosets {Ht1, Ht2 . . . Htn} by right multiplication. For a ∈ G, an orbit of
a will have the form

{Hsia,Hsia2 . . . Hsiani−1}

where ni is the first power of a in Hsi. If a has k distinct orbits, then
[G : H] = n =

∑k
i=1 ni. Note that ni|G as a consequence of the orbit-stabilizer

theorem. Then {siaj|1 ≤ i ≤ k, 1 ≤ j ≤ nj} is a very useful transversal for
computing the image of a. Observe that for t ≤ ni − 1,

(sia
t)a = sia

t+1 = h(siat,a)sia
ta.

(Note we have slightly abused notation and indexed our subgroup element with
a transversal element and a group element.) This implies that h(siat,a) = 1.
We now consider the case when t = ni − 1.

sia
ni = si = h(siani−1,a)sia

ni−1a
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Therefore h(siani−1,a) = sia
nis−1i , which we see is in H as Hsia

li = Hsi. Since
in the ith orbit it is only when t = ni − 1 that h(sjat,a) 6= 0, we can evaluate
our transfer

τ(a) =
∏

{siaj |1≤i≤k,
1≤j≤nj}

h(sixj ,x)

=
k∏

i=1

(
ni∏
j=0

h(sixj ,x)

)

=
k∏

i=1

sia
nis−1i .

Thus, to compute τ(a), it suffices to find a representative for the ith orbit of
a’s action upon the cosets of H, calling it si. When ni is the size of the orbit,
then take ani and conjugate it by si. The product of these over all orbits gives
τ(a). This has particularly interesting consequences when H is in the center
of G.

Theorem 1. Let H ⊆ Z(G). Then τG→H is an endomorphism of G given by
the mapping a 7→ an.

Proof. Continuing with the notation from above, as sia
lis−1i = h for some

h ∈ H, it follows that

ali = s−1i hsi = s−1i sih = h

as h ∈ Z(G). Thus sia
lis−1i = ali . So

τ(a) =
k∏

i=1

sia
nis−1i

=
k∏

i=1

ani

= a
∑k

i=1 ni

= an

As our selection of a was arbitrary, this is indeed our desired endomorphism.

The preceding result helps to develop an intuition why the transfer is em-
ployed in the abelianization of groups. Another such result follows. The ele-
ments of H in the image of the transfer have a curious relationship to elements
of the normalizer of H in G.

Lemma 1. Let H ≤ G, H abelian and of finite index in G. Let b ∈ NG(H),
and a ∈ G. Then τ(a) and b commute.
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Proof. Let T = {t1, t2 . . . tn}, be a right transversal for H in G. For b ∈
NG(H), there exists h∗ja ∈ H such that hja = bh∗jab

−1. Let x∗ja = h∗jaxja.
Then x∗ja ∈ Hxja = Hxja , so for all j, Hxja = Hx∗ja. That is, {x∗ja|j ∈ J } is
a transversal for H in G.

Moreover, as the image of the transfer is independent of our choice of
transversal,

τ(a) = Πjhja = Πjbh
∗
jab
−1 = b

(
Πh∗ja

)
b−1 = bτ(a)b−1

and thus τ(a)b = bτ(a).

Ultimately, it is even possible to define the transfer without the assumption
that H is itself abelian. In fact, if θ : H → A is a homomorphism from H into
some abelian group A, then we define the transfer from G into A

τG→A(a) =
k∏

i=1

θ(sia
nis−1i ).

This generalization has the advantage of creating an abelian quotient group.
However, results such as the previous two, in which the image of τ is a subgroup
of G fail. Either way, the transfer is a useful and unexpected tool of finite group
theory. See [2] for further applications.
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